In this article, we prove that there exists at least one chord which is characteristic of Reeb vector field connecting a given Legendre submanifold in a contact manifolds of induced type in the cotangent bundles of any smooth open manifolds which confirms the generalized Arnold conjecture in cotangent bundles.
Introduction and results
Let Σ be a smooth closed oriented manifold of dimension 2n − 1. A contact form on Σ is a 1−form such that λ ∧ (dλ) n−1 is a volume form on Σ. Associated to λ there are two important structures. First of all the so-called Reeb vectorfieldẋ = X λ defined by i X λ ≡ 1, i X dλ ≡ 0; * Project 19871044 Supported by NSF 1 and secondly the contact structure ξ = ξ λ → Σ given by ξ λ = ker(λ) ⊂ T Σ.
By a result of Gray, [9] , the contact structure is very stable. In fact, if (λ t ) t∈[0,1] is a smooth arc of contact forms inducing the arc of contact structures (ξ t ) t∈ [0, 1] , there exists a smooth arc (ψ t ) t∈ [0, 1] of diffeomorphisms with ψ 0 = Id, such that T Ψ t (ξ 0 ) = ξ t (1.1)
here it is important that Σ is compact. From (1.1) and the fact that Ψ 0 = Id it follows immediately that there exists a smooth family of maps [0, 1] × Σ → (0, ∞) : (t, m) → f t (m) such that
In contrast to the contact structure the dynamics of the Reeb vectorfield changes drastically under small perturbation and in general the flows associated to X t and X s for t = s will not be conjugated.
Concerning the dynamics of Reeb flow, there is a well-known conjecture raised by Arnold in [2] which concerned the Reeb orbit and Legendre submanifold in a contact manifold. If (Σ, λ) is a contact manifold with contact form λ of dimension 2n − 1, then a Legendre submanifold is a submanifold L of Σ, which is (n − 1)dimensional and everywhere tangent to the contact structure ker λ. Then a characteristic chord for (λ, L) is a smooth path x : [0, T ] → Σ, T > 0 withẋ (t) = X λ (x(t)) f or t ∈ (0, T ),
Arnold raised the following conjecture: Conjecture(see [2] ). Let λ 0 be the standard tight contact form λ 0 = 1 2 (x 1 dy 1 − y 1 dx 1 + x 2 dy 2 − y 2 dx 2 )
on the three sphere If f : S 3 → (0, ∞) is a smooth function and L is a Legendre knot in S 3 , then there is a characteristic chord for (f λ 0 , L). The first step to prove this conjecture was made by Givental in [8] and the recent discussion can be found in [1] . The conjecture was completely solved by the author in [16] by a modification of the Gromov's nonlinear Fredholm alternative for J−holomorphic curves for proving that there exists a J−holomorphic disk with boundary in a closed embedded Lagrangian submanifold, see [10, 2.3 
In this paper we improve the Gromov's proof on that there exists at least one intersection point for the weakly exact Lagrangian submanifold under the weakly Lagrangian isotopy [10, 2.3.B 3−4 ] to prove: Theorem 1.1 Let (Σ, λ) be a contact manifold with contact form λ of induced type or Weinstein type in the cotangent bundles of any open smooth manifold with symplectic form n i=1 dp i ∧ dq i induced by Liouville form α = n i=1 p i dq i , i.e., there exists a transversal vector field Z to Σ such that L Z ω = ω, λ = i Z ω. Let X λ its Reeb vector field and L a closed Legendre submanifold.
Sketch of proofs:
We work in the framework as in [10, 16] . In Section 2, we study the linear Cauchy-Riemann operator and sketch some basic properties. In section 3, first we construct a Lagrangian submanifold W under the assumption that there does not exist Reeb chord conneting the Legendre submanifold L; second, we study the space D(V, W ) consisting of contractible disks in manifold V with boundary in Lagrangian submanifold W and construct a Fredholm section of tangent bundle of D(V, W ). In section 4, following [10] , we construct a non-proper Fredholm section by using a special anti-holomorphic section as in [10, 16] . In section 5, we deduce a monotone inequality of J−holomorphic curves and use it to show that the boundaries of J−holomorphic curves considered in section 4 remain in a compact part in W . This allow us to reduce the proof of the theorem as in [10] .
The most difficult step in our proof is to confirm the the J−holomorphic disks f : D → V with the f (1) = p satisfy d W (f (∂D), p) ≤ d 0 for a constant d 0 which does not depend on the J−holomorphic curves. Since W is noncompact the ordinary monotone inequality argument or compactness theorem as in [10] can not be applied directly, but in our case, by constructing a special almost complex structure near the hypersurface of contact type, the special monotone inequality for J−holomorphic curves still holds. The proof of the monotone inequality is included.
Linear Fredholm Theory
For 100 < k < ∞ consider the Hilbert space V k consisting of all maps
where the coordinates on D are (s, t) = s+it, D = {z||z| ≤ 1}. The following result is well known(see [4, 20] ). Let (C n , σ = −Im(·, ·)) be the standard symplectic space. We consider a real n−dimensional plane R n ⊂ C n . It is called Lagrangian if the skewscalar product of any two vectors of R n equals zero. For example, the plane {(p, q)|p = 0} and {(p, q)|q = 0} are Lagrangian subspaces. The manifold of all (nonoriented) Lagrangian subspaces of R 2n is called the LagrangianGrassmanian Λ(n). One can prove that the fundamental group of Λ(n) is free cyclic, i.e. π 1 (Λ(n)) = Z. Next assume (Γ(z)) z∈∂D is a smooth map associating to a point z ∈ ∂D a Lagrangian subspace Γ(z) of C n , i.e. (Γ(z)) z∈∂D defines a smooth curve α in the Lagrangian-Grassmanian manifold Λ(n). Since π 1 (Λ(n)) = Z, one have [α] = ke, we call integer k the Maslov index of curve α and denote it by m(Γ), see( [2] ). Now let z : S 1 → R n ⊂ C n be a smooth curve. Then it defines a constant loop α in Lagrangian-Grassmanian manifold Λ(n). This loop defines the Maslov index m(α) of the map z which is easily seen to be zero. Now Let (V, ω) be a symplectic manifold and W ⊂ V a Lagrangian submanifold. Let u : (D, ∂D) → (V, W ) be a smooth map homotopic to constant map u 0 : (D, ∂D) → p ∈ W . Then u * T V is a symplectic vector bundle and (u| ∂D ) * T W be a Lagrangian subbundle in u * T V . Since u is homotopic to u 0 by h(t, z) with h(0, ·) = u 0 and h(1, ·) = u, we can take a trivialization of
Proof. Since the homotopy h(t, z) induces a homotopyh in LagrangianGrassmanian manifold. Note that m(h(0, ·)) = 0. By the homotopy invariance of Maslov index, we know that m(ū) = 0.
Consider the partial differential equation
For 100 < k < ∞ consider the Banach spaceV k consisting of all maps
where D as in (2.1).
Proof: see [4, 10, 20] . 
Proof. Similar to [10, 15] Let Σ ⊂ T * M be a closed hypersurface, if there exists a vector field V defined in the neighbourhood U of Σ transversal to Σ such that L V ω = ω, here ω = dp i ∧ dq i is a standard symplectic form on T * M induced by the Liouville form p i dq i , we call Σ the contact manifold of induced type in T * M with the induced contact form λ = i V ω.
Let (Σ, λ) be a contact manifold of induced type or Weinstein's type in T * M with contact form λ and X its Reeb vector field, then X integrates to a Reeb flow η s for s ∈ R 1 . By using the transversal vector field V , one can identify the neighbourhood U of Σ foliated by flow f t of V and Σ, i.e., U = ∪ t f t (Σ) with the neighbourhood of {0} × Σ in the symplectization R × Σ by the exact symplectic transformation(see [16] ).
Consider the form d(e a λ) at the point (a, x) on the manifold (R × Σ), then one can check that d(e a λ) is a symplectic form on R × Σ. Moreover One can check that
So, the symplectization of Reeb vector field X is the Hamilton vector field of e a with respect to the symplectic form d(e a λ). Therefore the Reeb flow lifts to the Hamilton flow h s on R × Σ(see [3, 6] ).
Let L be a closed Legendre submanifold in (Σ, λ), i.e., there exists a smooth embedding Q :
and
Proof. Obvious.
Lemma 3.3 If there does not exist any Reeb chord for
is a regular open Lagrangian embedding for any finite positive K.
Proof. One check
This implies that G ′ is a Lagrangian embedding, this proves Lemma3.3.
Note that dλ = dp i ∧ dq i on Σ by the definition of induced contact type and by assumption [p i dq i − λ] = 0 ∈ H 1 (Σ), we know that
Then by the proof of Lemma3.3, one computes
here we also use β denote the η * β. Now we construct an isotopy of Lagrangian embeddings as follows:
is an exact isotopy of Lagrangian embeddings. Moreover for the choice of
Proof. By Lemma3.1-3.3, it is obvious. 
be the pull-back of the forml
) and assume without loss of generality Φ vanishes on W ′ × (I 0 ∪ I 1 ). Next, consider a map α of the annulus
and α is injective on 
Proof. Similar to [10, 2.3B
Formulation of Hilbert manifolds
Let (Σ, λ) be a closed (2n − 1)− dimensional manifold with a contact form λ of induced type in T * M, it is well-known that T * M is a Stein manifold, so it is exausted by a proper pluri-subharmonic function. In fact since M is an open manifold one can take a proper Morse function g on M and let f = |p| 2 2 + π * g. Then f is pluri-subharmonic function on T * M for some complex structure J ′ on T * M tamed by dp i ∧ dq i (see [5] ). Since Σ is compact and
Let V ′ = T * M and we choose an almost complex structure J ′ on T * M tamed by ω ′ = dp i ∧ dq i and the metric g ′ = ω ′ (·, J ′ ·)(see [10] ). By above discussion we know that all mechanism such as W ′ or Σ contained in f c = {v ′ ∈ T * M|f (v ′ ) ≤ c} for c large enough, i.e., contained in a compact set V ′ c in T * M. Then we expanding near ∂f −1 (c) to get a complete exact symplectic manifold with a complete Riemann metric with injective radius r 0 > 0(see [16] ).
In the following we denote by (V,
Lagrangian submanifold which was constructed in section 3.1, moreover we can slightly perturb the J ′ ⊕ i near p such that J ⊕ i is integrable near p. Let
.e f or x ∈ ∂D and u(1) = p} for k ≥ 100.
Lemma 3.5 Let W be a Lagrangian submanifold in V . Then,
.e f or x ∈ ∂D and u(1) = p} is a pseudo-Hilbert manifold with the tangent bundle
Note 3.1 Since W is not regular we know that D k (V, W, p) is in general complete, however it is enough for our purpose.
Proof: See [4, 14] . Now we consider a section from [4, 10] , i.e., let∂ : Proof. According to the definition of the Fredholm section, we need to prove that u ∈ D k (V, W, p), the linearization D∂(u) of∂ at u is a linear Fredholm operator. Note that
where
here A(u) is 2n × 2n matrix induced by the torsion of almost complex structure, see [4, 10] for the computation.
Observe that the linearization D∂(u) of∂ at u is equivalent to the following Lagrangian boundary value problem
One can check that (3.16) defines a linear Fredholm operator. In fact, by Proposition 2.2 and Lemma 2.1, since the operator A(u) is a compact, we know that the operator∂ is a nonlinear Fredholm operator of the index zero. 
Theorem 3.2 The Fredholm section
Proof: We assume that u : D → V be a J−holomorphic disk with boundary u(∂D) ⊂ W and by the assumption that u is homotopic to the constant map u 0 (D) = p. Since almost complex structure J tamed by the symplectic form ω, by stokes formula, we conclude u : D → V is a constant map. Because u(1) = p, We know that F −1 (0) = p which implies the properness. Next we show that the linearizatioon DF (p) of F at p is an isomorphism from T p D(V, W, p) to E. This is equivalent to solve the equations ∂v ∂s + J ∂v ∂t
here J = J(p) = i and A(= 0) a constant zero matrix. By Lemma 2.1, we know that DF (p) is an isomorphism. Therefore deg(F, 0) = 1.
Non-properness of a Fredholm section
In this section we shall construct a non-proper Fredholm section F 1 : D → E by perturbing the Cauchy-Riemann section as in [4, 10] .
Anti-holomorphic section
, and W as in section3 and J = J ′ ⊕ i, g = g ′ ⊕ g 0 , g 0 the standard metric on C. Now let c ∈ C be a non-zero vector. We consider the equations
here v homotopic to constant map {p} relative to W . Note that W ⊂ V ′ × B r 0 (0). Lemma 4.1 Let v be the solutions of (4.1), then one has the following estimates
Note that the metric g is adapted to the symplectic form ω and J, i.e.,
By the simple algebraic computation, we have
By the equations (4.1), one get∂
We have
here h(z) is a holomorphic function on D. Note that f (z) is smooth up to the boundary ∂D, then, by Cauchy integral formula
So, we have
Therefore,
This finishes the proof of Lemma.
Proposition 4.1 For |c| ≥ 3r 0 , then the equations (4.1) has no solutions.
Proof. By (4.11), we have
It follows that c = 3r 0 can not be obtained by any solutions.
Modification of section c
Note that the section c is not a section of the Hilbert bundle in section 3 since c is not tangent to the Lagrangian submanifold W , we must modify it as follows: Let c as in section 4.1, we define
Then by using the cut off function ϕ h (z) and its convolution with section c χ,δ , we obtain a smooth section c δ satisfying
for h small enough, for the convolution theory see [12] . Now let c ∈ C be a non-zero vector and c δ the induced anti-holomorphic section. We consider the equations
Note that W ⊂ V × B r 0 (0). Then by repeating the same argument as section 4.1., we obtain Lemma 4.2 Let v be the solutions of (4.16) and δ small enough, then one has the following estimates
and Proposition 4.2 For |c| ≥ 3r 0 , then the equations (4.16) has no solutions.
Modification of J ⊕ i
Let (Σ, λ) be a closed contact manifold with a contact form λ of induced type in T * M. Let J M be an almost complex structure on T * M and
Now we consider the almost conplex structure on the symplectic fibration D × V → D which will be discussed in detail in section 5.1., see also [10] .
Then by using the cut off function ϕ h (z) and its convolution with section J χ,δ , we obtain a smooth section J δ satisfying
as in section 4.2. Then as in section 4.2, one can also reformulation of the equations (4.16) and get similar estimates of Cauchy-Riemann equations, we leave it as exercises to reader.
Proof. See [4, 10] .
J−holomorphic section and monotonicity
In section 4 we have constructed a non-proper section F : D → E. In this section we study the non-properness of the nonlinear Fredholm section F and show that the non-properness is not coming from the non-compactness of the Lagrangian submanifold W by using the monotone inequality.
Construction of symplectic diffeomorphism
Now by thickenning Gromov's construction of Lagrangian submanifold, we construct a symplectic embedding Γ :
One can easily check that Γ * 1 (pdq + rdθ) = pdq + ρ(θ)T dg + rdθ + T gdρ(θ), and Γ * 1 (dp ∧ dq + dr ∧ dθ) = dp
So Γ 1 is an exact symplectic diffeomorphism. Then, by the construction of W , i.e., Gromov's figure eight trick, we get a symplectic embedding Γ :
J−holomorphic section
Recall that W ⊂ Σ ⊂ V = T * M × R 2 as in section 3. The Riemann metric g on M × R 2 induces a metric g|W . Now let c ∈ C be a non-zero vector and c δ the induced anti-holomorphic section. We consider the nonlinear inhomogeneous equations (4.16) and transform it intoJ−holomorphic map by considering its graph as in [4, 10] .
Denote by Y Lemma 5.1 (Gromov [10] )There exists a unique almost complex structure J g on D × V (which also depends on the given structures in D and in V ), such that the (germs of ) J δ −holomorphic sections v : D → D × V are exactly and only the solutions of the equations∂v = c δ . Furthermore, the fibres z×V ⊂ D×V are J δ −holomorphic( i.e. the subbundles T (z×V ) ⊂ T (D×V ) are J δ −complex) and the structure J δ |z × V equals the original structure on V = z × V . Moreover J δ is tamed by kω 0 ⊕ ω for k large enough which is independent of δ.
Complex coordinates
Recall that there exists an integrable complex structure i on T * M tamed by ω M = dp i ∧ dq i . Let (V, ω) = (T * M, ω M ) be a symplectic manifold, and J = i is the standard complex structure on T * M. Let g 0 = ω(·, J·), g 0 the standard metric on T * M. Let (Σ, X λ ) be a closed contact manifold with Reeb vector field X λ as in section3. Let Q δ = {x ∈ T * M|d(x, Σ) < δ}. Let ξ be the i−invariant plane in T Σ and J ξ = i|ξ. Let η = span{X λ , JX λ } be the two dimensional J−invariant space and Y = JX λ , then Y is transversal to Σ. Extend Y near Σ and integrate it, we can assume that Y = 
..., v n−1 , Jv n−1 ; X λ , JX λ is a symplectic base for ω. So, ξ and η are orthogonal to each other.
Lemma 5.2 Let S δ , X λ , Q δ as above. Let η = span{X λ , JX λ } be the two dimensional J−invariant space, then η is integrable one dimensional complex foliation.
Proof. Since ∇J = 0, ∇ is Levi-civita connection, so [X λ , JX λ ] = 0. This implies the two dimensional plane field η is integrable.
Monotonicity
By the section 3, we observe that W ′ ⊂ Σ ⊂ T * M and Σ is contact hypersurface of induced type in T * M. Moreover there exists a neighbourhood U ′′ δ of Σ foliated by a family of contact hypersurfaces which is contactormorphic to Σ. We write it as here τ 0 depends only on Σ, δ, not on C.
Now we consider the section
Proof. Write the section v = (id, v ′ , f ) and its pullback w = (id, w ′ , g) = (id, Γ) −1 (id, v ′ , f ) and v ′ = (a, z; x j , y j ) on U ′ . By considering the (a, z)-part of J−holomorphic disk section and on the boundary of D, a|∂D = 0. By Lemma 5.2 and doubling the (a, z)−part of J−holomorphic disk section, the area of (a, z)−part of J−holomorphic disk section is larger than a fixed constant τ 0 . Lemma 5.3 follows.
Bounded image of J−holomorphic curves in W
Now we fix an almost complex structure J as in section 5.4. Proof. By Proposition 5.1, we know that the image v(D) of solutions of equations (4.16) remains a bounded or compact part of the non-compact Lagrangian submanifold W . Then, all arguments in [4, 10] for the case W is closed in T * M × C can be extended to our case, especially Gromov's C 0 −converngence theorem applies. But the results in section 4 shows the solutions of equations (4.16) must denegerate to a cusp curves, i.e., we obtain a Sacks-Uhlenbeck's bubble, i.e., J−holomorphic sphere or disk with boundary in W , the condition E(u) ≤ 4πr 2 0 rules out the possibility of J−holomorphic sphere. For the more detail, see the proof of Theorem 2.3.B in [10] .
Proof of Theorem 1.1. By the assumption of Theorem 1.1, we know that the Lagrangian submanifold W in T * M × C is embedded and exact if Theorem1.1 does not hold. Then for large vector c ∈ C we know that the nonlinear Fredholm operator or Cauchy-Riemann operator has no solution, this implies that the operator is non-proper. The non-properness of the operator implies the existence of J−holomorphic disks with boundary in W which contradicts the fact that W is exact since J−holomorphic disk has positive energy. For more detail, see [4, 10] . This implies the assumption that L has no self-intersection point under Reeb flow does not hold.
